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Efficient High-Resolution Wake Modeling
Using the Vorticity Transport Equation

Richard E. Brown* and Andrew J. Line'
Imperial College, London, England SW7 2AZ, United Kingdom

Computational fluid dynamic models, through their fundamental treatment of the flow physics, present a unique
and powerful tool for analyzing the aerodynamics of helicopter rotors. Their effectiveness is often limited though
by difficulties in retaining the structure and form of the rotor wake that result from their tendency to dissipate
vorticity. The vorticity transport model, developed some years ago, addresses the problem of vorticity diffusion
by solving the fundamental fluid dynamic equations in vorticity conservation form. A development of the original
model is described that results in a more efficient computational implementation. The new model uses an adaptive
grid system to increase grid resolution significantly, with minimal impact on computational cost. The new grid
system is effectively boundary free, thus eliminating the need for numerical boundary conditions at the edges of
the computational domain. In addition, the new grid system allows very efficient evaluation of the velocity field
using a technique based on the Cartesian fast multipole method. The implementation of both the grid system and
the velocity calculation is described, and the performance of the new model is validated against some well-known

experimental data.

Nomenclature

B

rotor disk area, 7 R?

kth Taylor coefficient of K

kth Taylor coefficient of ¢
rotor thrust, scaled by pA(QR)?
Biot—Savart kernel

regularized Biot—Savart kernel
kth moment of vorticity
number of grid cells

pressure in the flow

rotor radius

vorticity source

flow velocity

flow velocity relative to blade
cell edge length

kernel smoothing parameter
rotor forward speed scaled by QR
kinematic viscosity of the flow
flow density

rotor solidity

regularized Newtonian potential
rotor rotational speed

vorticity

bound vorticity

3

S
FrAROS
L 1 | | [ T 1

SR LaxT zI xx

>

ERSAD =T >

e
S

Introduction

OMPUTATIONAL fluid dynamic (CFD) methods have the

potential to provide a fundamental insight into the complex
aerodynamic processes governing the evolution of helicopter rotor
wakes, employing, as they do, various numerical techniques to solve
the Navier—Stokes equations that govern viscous fluid flow. Because
the dynamics of the airflow around the helicopter are very well
described by these equations, the power of CFD methods stem from
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their treatment of the rotor aerodynamics at a very elementary level
of description.

CFD methods do, however, have limitations, which, if not prop-
erly addressed, limit the success of these techniques in modeling
rotorcraft related flows. Given that the environment in which a he-
licopter rotor operates is dominated by complex and persistent vor-
tical structures, any method selected to model a rotor wake needs
to preserve the integrity of the vortical structure of the wake over
significant periods of time. Standard CFD methods that rely on a
primitive variable formulation of the Navier—Stokes equations, that
is, in terms of velocity and pressure, are susceptible to excessive nu-
merical dissipation of vorticity.! If not controlled, this dissipation
leads ultimately to the loss of coherence of vortical structures within
the flow and, hence, for instance, to significant error in predicting
the loading on, and subsequent dynamics of, the rotor. A further
limitation of CFD-based techniques lies in their rather intensive use
of computational resources. Generally, the computational resources
consumed by typical rotor CFD simulations require some conces-
sions to be made regarding the range of flow scales that can be
resolved within a given simulation. This is particularly a problem
when CFD methods are used to study some of the more challenging
rotorcraft problems, such as vibration, acoustics, and interactional
aerodynamics, where multiple flow scales are involved in the pro-
cesses of interest. Usually the only practical approach is to apply
boundary conditions at some distance away from the region of inter-
est, for example, the rotor, and, hence, to forego an explicit represen-
tation of the development of the flow far from the region of interest,
often with rather poorly defined consequences for the accuracy of
the computation. Obviously, the more efficient the computation in
terms of memory and time usage, the less the solution need be com-
promised by the availability of these resources.

This paper describes a development of the vorticity transport
model (VTM), originally developed by Brown,” that specifically
addresses the issue of computational efficiency. The VIM simu-
lates the flow using the vorticity—velocity form of the Navier—Stokes
equations, allowing rigorous control of the effects of numerical dif-
fusion and dissipation of vorticity. The advancements described in
this paper rely on the fact that, to evolve the flow using the Navier—
Stokes equations in vorticity—velocity form, only regions of the flow
containing vorticity need to be contained within the computational
domain. In the new version of the VTM, these regions of vorticity
are tracked using a semi-Lagrangian adaptive grid system that fol-
lows the vorticity distribution as it evolves over time. This approach
minimizes the number of grid cells and, hence, computational re-
sources, required to model the rotor and its wake. In addition, the
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grid system is effectively boundary free, allowing the computation
at any moment to contain all of the vorticity generated by the ro-
tor during the entire course of the simulation. Errors due to wake
truncation at boundaries are, thus, avoided.

Finally, the new grid system allows a highly efficient algorithm,
based on the Cartesian fast multipole method, to be used to evaluate
the velocity field throughout the computational domain. The simi-
larities in the algorithmic structures of the fast multipole method and
the adaptive grid system lead to a particularly efficient numerical im-
plementation. In particular, both methods use an octree-based hier-
archical decomposition of the computational domain and, therefore,
can share common data structures, yielding considerable savings in
terms of memory usage and computation time.

Model Description

The Navier—Stokes equations governing the flow surrounding the
rotor can be written in primitive variable (velocity—pressure) form
as

0 1
—u+u~Vu:——Vp+vV2u (D
ot 0

V.u=0 2)

if it is assumed that the flow in the wake is effectively incompress-
ible. (This assumption can usually be reasonably well justified, of
course, except perhaps near to the tips of the blades or in parts of the
cores of the wake vortices generated by particularly highly loaded
rotors.)

Arguably, though, the most efficient way to model the vorticity-
dominated aerodynamic environment of the helicopter rotor is to
model the rotor wake directly as a time-dependent vorticity distri-
bution in the space surrounding the rotor. Taking the curl of Eq. (1)
yields the unsteady transport equation

%a)—ku-Vw—w-Vu:szw 3)
for the vorticity field @ =V x u. Vorticity now becomes the fun-
damental conserved flow property, and the transport of vorticity
becomes the mechanism via which the flow evolves. In the limit of
zero viscosity, the viscous term in Eq. (3) becomes nonzero only on
surfaces immersed in the flow and, thus, can be replaced by a local
vorticity source. Thus, for the high-Reynolds-number flows relevant
to most rotor aerodynamic problems, the vorticity transport equation
can be written as

a
5w+u~Vw—w~Vu=S (@]
where the source term S accounts for the vorticity production asso-
ciated with the generation of aerodynamic loads on the rotor blades.
The differential form of the Biot—Savart relationship

Viu=-Vxw 5)

relates the velocity at any point in the flow to the vorticity distribu-
tion. The solution to this equation can be written in integral form
as

ulx) = / K(x,y) x o(y)dy (6)
14

where

K@x,y) = —(1/4m)[(x —y)/1x = yI] @)

is the Biot—Savart kernel and the domain V contains all of the vor-
ticity in the flow.

The VTM is a finite volume CFD tool that solves Egs. (4) and (5)
numerically to simulate the evolution of rotor wakes.? The model has
been used to investigate a variety of rotorcraft problems, including
the generation of linearized models for flight mechanics,? the onset

of the vortex ring state,* and the sensitivity of rotorcraft to encounters
with aircraft wakes.’

In the VTM, the rotor and all vorticity contained within the do-
main is first enclosed within a structured mesh of computational
cells. Equation (5) is inverted at the beginning of each computa-
tional time step to yield u at the faces of each of the computational
cells. The vorticity distribution in the flow is then advanced to the
end of the time step using a numerical discretization of Eq. (4)
constructed using Toro’s weighted average flux (WAF) scheme® to
evaluate the intercell vorticity fluxes. The procedure is then repeated
for subsequent time steps.

The principal benefit of this approach over primitive variable
schemes is that numerical diffusion and dissipation can in no way
lead to the destruction of vorticity. Numerical diffusion will, how-
ever, lead to the spatial smearing of vorticity, thus, reducing the
compactness of vortical structures. These effects can be controlled
by introducing an appropriate flux limiter into the WAF scheme,?
and this allows the spatial compactness of vortical structures in the
flow to be maintained over very long computational times.

Because the vorticity conserving properties of the vorticity trans-
port approach are effectively independent of grid resolution, the
VTM has the flexibility to run at the resolution that is relevant to the
problem at hand. Situations requiring only the prediction of gross
flow features, such as flight mechanics simulations, can be modeled
successfully using surprisingly low grid resolutions.? Conversely, in
cases where small-scale flow features, such as blade—vortex inter-
actions, become significant, the code can be run at higher resolution
to expose the detail of these structures.

In the present version of the VTM, the aerodynamic loading on
each blade is determined using a discrete implementation of un-
steady lifting-line theory at a series of collocation points along the
length of the blade. The local flow velocity u, at each collocation
point is calculated as the sum of the wake-induced velocity, the
freestream velocity, and the structural motion of the blade. Setting
the velocity component normal to each collocation point equal to
zero yields a set of algebraic equations that can be solved for the
strength of the bound vorticity w;, on each panel. The structure of
the model does not preclude replacement of this model with a more
sophisticated treatment of the blade aerodynamics.

The dynamics of the rotor blades are modeled by numerical re-
construction of the nonlinear Lagrangian of the system so that the
coupled flap-lag—feather dynamics of a set of rigid blades are fully
represented. Fully flexible blades can be handled using the same
formalism, but this capability has yet to be integrated into the code.

The dynamics of the rotor system are coupled to the blade aerody-
namics by writing the vorticity source S in Eq. (4) in terms of the shed
and trailed vorticity from the rotor blades by using the relationship

d
Sz—awb—i—ubv-wb (8)

Grid Formulation

In previous versions of the VTM, the computational domain con-
sisted of a box enclosing the helicopter and a sufficiently large part of
its surroundings, which was then populated throughout with equally
sized cubic grid cells. When using this approach, the rotor wake oc-
cupied only a small portion of the total grid. Typically just 20-30%
of the cells contained vorticity, whereas the remaining cells served
only to fill the computational domain so that the boundary condi-
tions required by the velocity calculation could be applied at its
edges, or to provide space for the possible future evolution of the
vorticity distribution.

The latest version of the VIM removes this obvious inefficiency
by replacing the velocity calculation with a method that does not
require direct application of boundary conditions. This provides the
freedom to introduce a much more efficient grid formulation. If
the evolution of the flow is modeled by using Eq. (4), only regions
of the flow that actually contain vorticity need to be contained within
the computational domain. In the new code, the number of compu-
tational cells, and, hence, the memory required by the calculation,
is minimized by using a grid that contains a variable number of cells
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New cell created as vorticity is
sourced into grid af t=t,

Neighbor cells created

- Vorticity distribution evolves over timestep At

Cells that are no longer neighbors to
vorticity-containing cells are destroyed, and
new neighbor cells are created. t=t,+At

- Vorticity distribution evolves over timestep At

Fig. 1 Adaptive grid generation and destruction tracks regions of vor-
ticity within the flow.

that are adaptively generated and destroyed to follow the vorticity-
containing regions of the flow.

Underlying the grid is a virtual Cartesian stencil or framework,
upon which cells can be created and destroyed. Each location on
the stencil is a cube, with edge length A, that can be occupied
by a single computational cell. The stencil is fixed in the frame of
reference of the rotor hub and extends to infinity in all directions
to encapsulate the entire space surrounding the rotor. The stencil,
thus, provides an infinite number of discrete locations that can be
occupied by cells at any given time.

As vorticity is sourced into the grid from the rotor, cells are created
at the appropriate locations on the stencil. To allow the vorticity
to advect through the grid, the immediate neighbors of any newly
created cells must also be created, as shown in Fig. 1.

Once the velocity is known at every cell interface, this grid struc-
ture is sufficient to allow the VTM to evolve the flow according
to Eq. (4). At successive time steps, additional neighbor cells are
generated around all vorticity-containing cells to allow the new vor-
ticity distribution to evolve. Simultaneously, any cells that no longer
contain vorticity, or that are not neighbors of vorticity-containing
cells, are destroyed. This process of cell generation and destruction
is repeated at every time step to allow the flow to evolve freely while
minimizing cell count.

The creation and destruction of cells is managed using an octree
data structure. At the lowest level of the octree lie the cells them-
selves. The next level of the octree is formed by collecting together
the cells in eight neighboring cell locations to form a parent cluster,
as shown in Fig. 2. This process of clustering is repeated on each
level of the octree until a level is reached on which there exists
one single cluster that effectively contains the entire computational
domain.

Use of an octree system makes the task of managing the con-
stantly evolving grid structure particularly efficient. Not only does
the octree system allow efficient, standard algorithms’ to be used to
locate, generate, and destroy elements on the tree, but it also provides
the essential infrastructure that is required to evaluate the velocity
field using the fast multipole method described later in this paper.

Because the grid stencil has no boundaries, the resulting cell struc-
ture is free to expand in space as the wake structure expands. Con-
sequently, the growth rate of the grid, in terms of cell count, must
be controlled so that the available computer memory is not quickly
exhausted. This problem is solved in the VTM by introducing a
number of nested grid levels, of varying resolution, to decrease sys-
tematically the resolution of the grid on moving away from the rotor
into the far wake. The octree data structure presents a particularly
convenient means with which to achieve the required changes in grid
resolution. First, the rotor is positioned within the lowest grid level,
in which the vorticity-containing cells have side length A, equal to
that of the underlying stencil. At some distance from the rotor, the
resolution of the grid can be reduced by simply reducing the depth
of the octree so that the vorticity-containing cells now lie on level 1

Level 2
A=4A,
Fig. 2 Celllocations orga-
nized into octree data struc- Level 1
ture. A=2A,
1
Level 0 /]
A=A, /
>
,A easing
Resplution
Direction
of Flight <
Rotor
A=A,
A=2A,
A=4A,

Fig. 3 Rotor is embedded within a nested grid structure that decreases
in resolution with distance from the hub.

and have side length A; =2A. This process can then be repeated to
generate any number of grid levels. A schematic representation of
a computational domain with such a nested grid structure is shown
in Fig. 3. The effectively exponential rate of growth of the compu-
tational domain that is made possible using this scheme allows the
total number of cells to remain within manageable limits while still
precluding the vorticity from ever encountering the boundary of the
computational grid during the course of a calculation.

A powerful feature of the nested grid structure relates to the max-
imum stable rate at which the computation can be advanced on each
level of the hierarchy of grids. For explicit methods, such as the WAF
algorithm used to advance Eq. (4) through time, the maximum stable
time step is set by the Courant—Friedrichs—-Lewy (CFL) condition,
which is based on the local velocity and the local resolution of the
grid. Because the side length of the cells doubles on moving from
one nested grid level to the next, the flow on grid level i can usually
be evolved using a time step very close to 2/ times the time step
used for the finest grid level. Computational effort is, thus, focused,
both spatially and temporally, where it is most required, that is, on
the flow in the most highly resolved regions of the computational
domain closest to the rotor.

Successful implementation of grid nesting requires an effective
procedure for advecting vorticity from the computational cells on
one level of the hierarchy to the cells on the next highest (or next
lowest) level. This is done by overlapping the cells at the interface
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Level n Level nt+1

i T A s

Fig. 4 Overlapping bound-
aries of grid levels provides
both second-order accuracy
and monotonicity.

Overlap

between adjacent levels of the hierarchy, as shown in Fig. 4. The
vorticity flux across the interfaces of the cells in the overlap region,
calculated on the finer grid, is then extrapolated onto the coarser
grid at appropriate points during the course of the calculation. In
this way it is possible to maintain conservation of vorticity and to
preserve the second-order and monotonic properties of the WAF
scheme at all cell interfaces.

Velocity Calculation

Before the WAF algorithm can be used to calculate the vorticity
flux between each vorticity-containing cell and its neighbors, the
flow velocity on the faces of the cells must be calculated. In the new
version of the VTM, the velocity at any point within the domain is
calculated by approximating the Biot—Savart integral, Eq. (6), as

u(x)~/ Ks(x,y) x o (y) dy )
\4

where the regularized Rosenhead-Moore kernel
R )

Ky =———
5(x,y) (gl 15

10)

is used in place of the Biot—Savart kernel to account for the fact that
the cells contain a uniform distribution of vorticity, rather than a
vortex singularity. The value of § is chosen such that the maximum
velocity induced by the vorticity within a cell is located on the faces
of the cell, as shown in Fig. 5.

If the computational domain consists of N vorticity-containing
cells, the task of evaluating Eq. (9) on each cell yields a classi-
cal N-body problem. The simplest method, yet also the most naive,
involves the brute-force summation of every discrete Biot—Savart in-
teraction present in the domain and results in an unnecessarily large
O(N?) calculation. For any realistic simulation, such an approach
would quickly become prohibitive as the number of computational
cells was increased.

An alternative to direct summation is to solve Eq. (5) directly
in differential form. In previous versions of the VTM, the method
of cyclic reduction® has been used to solve Eq. (5), thus reduc-
ing the computational cost to O(N log N). Appropriate conditions
must first be applied on the boundary of the computational domain
if Eq. (5) is to be solved using this approach. Obviously, if the nu-
merical boundary conditions do not represent accurately the flow
physics on the outside of the domain, contamination of the solution
is possible. Given the complexity of the vortical structures in the
rotor wake, the task of deriving these boundary conditions can be-
come extremely difficult, particularly at outflow boundaries where
vorticity will eventually be transferred into the unresolved space
surrounding the computational domain.

To address this problem in the new version of the VIM, the
method of cyclic reduction has been replaced with a method for eval-
uating Eq. (9) using a fast summation method called the Cartesian
fast multipole method. Fast multipole algorithms were first devised
by Greengard and Rokhlin® to evaluate gravitational and electro-
static potential fields. The method can be adapted, though, to model
any system where the pairwise interactions between the elements
of the system can be represented by a suitable kernel function. The
Cartesian fast multipole method (FMM) is a specific implemen-
tation of the fast multipole algorithm that exploits the underlying
rectangular topology of the computational grid to expand the inte-
gral in Eq. (9) using algebraic series rather than the trigonometric
expansions of the more general formulation of the algorithm. The

u(x)

e A
|

——Rosenhead-Moore Kernel |

| ————— Vortex Singularity

Fig. 5 Velocity field generated by - - - -, Biot-Savart kernel (vortex
singularity) and ——, Rosenhead-Moore kernel (approximate repre-
sentation of cell containing uniform distribution of vorticity).

X\LZ_ _/R——EYTEE‘
AN o
Target Source

Fig. 6 Vorticity contained in source-cluster T generates a velocity field
throughout target cluster, which is then expanded as a Taylor series
centered about x.

cost of the velocity calculation is reduced by exploiting the rapid
decrease in magnitude of the Biot—Savart interaction with distance
to group multiple, long-range interactions together so that they can
be expressed using a single, converging algebraic series. Truncating
this series yields an approximate method, the accuracy of which
can be tailored by controlling the degree of truncation. When this
approach is used, the cost of the velocity calculation can be reduced
to just O(N), compared to the O(N?) or O(N log N) cost of other
commonly used methods.

Cartesian FMM

In this section, some of the basic results required to implement the
Cartesian FMM are summarized. Figure 6 shows a cluster t enclos-
ing N, of the total of N vorticity-containing cells that exist within
the computational domain. The vorticity-weighted center (centroid)
of the cluster lies at y,, and the center of each vorticity-containing
cell lies at y;. The velocity is to be evaluated on a second cluster 7',
well separated from 7, which has its centroid at x.

The velocity induced at point x, by the vorticity within cluster ©
can be evaluated by approximating Eq. (9), using Euler integration,
as

uxo) = Y Ky(x0, ;) X 0 (1)

jert

Summing over all clusters and using this expression directly to eval-
uate the velocity on all cells within the computational domain (for
instance, by constructing t’ to consist of a single cell) results in a
computation that is O(N?). The cost of the computation can be re-
duced to O(N log N) by expanding Eq. (11) as a Taylor series about
the center of the source cluster 7 then approximating the result of the
summation over the cluster by truncating the series after the pth term:

u(xy) = Z Ks(xo,y: + (i —y:)) X 0;

JeT

1
= D g Doy 0 — o) x )

jetr k

P

~ Y @, yo) x mi(r) (12)

k=0
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where k= (k1. ko, ks), DX =0/9y)'0y5 9y}, k! =kl lhs !, xk =
xll" x? x? for k; > 0, and subscripts 1-3 refer to the Cartesian direc-

tions. The multipole tensors
ay (o, y.) = (1/k") DyK; (xo, y.) 13)

are functions of the range of the interaction alone, whereas the
moments

m(r) =Y 1 -y o, (14)

Jjert

describe the local distribution of vorticity within the cluster 7.

The O(N) cost of the FMM calculation is achieved by calculating
the velocity in all of the cells within the target cluster 7’ using a
truncated Taylor expansion of the velocity about the centroid of the
cluster. This expansion requires the spatial derivatives of u at x.
Differentiating Eq. (12) with respect to x, gives

P

n _ n k'
u' (x) = (=1) ; iAoy xme (@) (15)

whereu” (x) = D u(x). Note, too, that the velocity derivatives calcu-
lated at x( can be shifted to some other nearby point x by expanding
Eq. (15) as a Taylor series about x, so that

P

_ k—n
W) = kZ %u”(xo) (16)

It is clear from the preceding paragraphs that the speed advantage
of the FMM over direct summation is obtained at the disadvantage
of an approximate, rather than an exact, evaluation of the velocity
field. An important issue in the use of the Cartesian FMM is, thus,
the control of the error introduced into the calculation by truncation
of the series expansion of the velocity.

Formally, a measure of the local error, ¢, introduced into the
calculation by truncation of the expansion on cluster 7 to order p is
given by the sum of the omitted terms in Eq. (12):

o0

gp=| Y @y x m(r) (17

k=p+1

where |x| = /(x? + x2 + x2). This result can be simplified by using
the mean-value theorem to yield

&p = |@ 1 (e, y") x my (1) (18)

where y* is some point located in a circle, center y, and with ra-
dius d; = max |y; —y.|, j €[l, ..., N;]. This measure of the error
is clearly not convenient to use in practice because its evaluation
requires the calculation of additional terms of the Taylor series.
Instead, a heuristic estimate of the error, based on the analysis of
Lindsay and Krasny,°

(pi + D2d" Imy(0)|
4 R(Pi +2)

,i:1,2,3} (19)

Ep ~ max{

is used, where R?=|x —y.|>+ 6% and |p|| = p| + p» + p3. After
interpreting &, as a prespecified maximum allowable local error in
the velocity field, this expression can be solved to determine the
appropriate value of p at which to truncate the expansion when
evaluating each cluster interaction.

Tensor Calculation

The tensors a; defined in Eq. (13) can be evaluated efficiently
using recursion. The following result relies on the fact that the gra-
dient of the Rosenhead—Moore kernel is the regularized Newtonian
potential:

b5 (x,y) = 1/[47(Ix —yI* + 6%)?] (20)

If the scaled derivatives of the Newtonian potential
bi(x,y:) = (1/k)) Dihs(x, y-) 2D

are defined such that by = ¢s(x,y) and b, =0 for k; <0, then suc-
cessive values of b, are related by

3 3
Ml Ry = QIHell = 1) > Cxi = )b g+ (el =1) > b2, = 0
i=1 i=1
(22)
where R?>=|x—y|*>+ 82, ||k||=k +k,+k;, and e; is the ith
Cartesian basis vector. Once all b, are known, the tensors a; can
be reconstructed as

3
@,y = = Y (ki + Dbiy e (23)

i=1

This result is derived in full in Ref. 10.

Implementation

Key to the implementation of the FMM is the hierarchal decom-
position of the computational domain into clusters of cells. A con-
venient hierarchical structure already exists in the VTM in the form
of the octree used to generate and manage the adaptive grid system,
and this same octree data structure is used in the implementation of
the FMM.

The first stage in applying the FMM to evaluate Eq. (9) involves
an upward sweep through the octree, calculating the moments of
each cluster according to Eq. (14). This stage can be accelerated
by expressing the moments of a cluster as a binomial sum of the
moments of its children:

k
m(0) =y (1) =y mi (@) (24)

et n=0

where t and 7 refer to the parent and child clusters, respectively.

The second stage in applying the FMM involves a sweep back
down the tree. This sweep is responsible for generating and refin-
ing the velocity field on each level of the tree. Consider a cell i
located on level n of the octree. The velocity field within cell i can
be considered as the sum of a far-field component, a middle-field
component, and a near-field component. The FMM defines these re-
gions spatially as shown in Fig. 7. For clarity, the two-dimensional
interaction sets have been shown, but the diagram extends easily to
three dimensions. Note that these interaction sets are geometrically
similar on each level of the grid. This feature can be exploited to
refine the velocity in recursive fashion on descending the levels of
the octree as follows.

On each level n, the far-field component of the velocity at cell
i is inherited from cell i’s parent cluster, located on level n + 1 of
the octree. The middle-field component is evaluated by applying
Eq. (15) to each of the clusters, located on level n, within cell i’s
middle field. The near-field component is not evaluated at this point
because it will be accounted for when the process is repeated at the
lower levels of the octree. The far-field and middle-field components
are summed together and then translated, using Eq. (16), to cell i’s
children on level n — 1 of the octree, except if cell i is on the lowest
level of the octree.

1 e\\e@

Fig. 7 Evaluation of veloc- A%
ity field on cell i split
into near-field (light gray), | :
middle-field (dark gray), | ;
and far-field contributions ! .
(white). ' &

! o

i \V
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Fig. 8 Computational cost of using the FMM to calculate the velocity
on N vorticity-containing cells (by using a Pentium4, 2-GHz processor
with 1 Gb of memory).

This process of evaluation and inheritance is performed on all
clusters on a given level of the tree before descending to the next
level and repeating the entire process. Once the downward sweep
through the tree is complete, the velocity on any given cell is given
by

P Y ;
ux) =y %uk (x,) (25)

k=0

where x, is the center of the cell’s parent cluster. On the lowest level
of the octree, the calculation is completed by adding the velocity
contribution

ux) =Yy Ky(x,y) x ; (26)
J

from the cell’s near field. This contribution is calculated directly as
the sum of Biot—Savart interactions between the cell and all vorticity-
containing cells within the cell’s near field.

Code Performance

The CPU time required to evaluate the velocity on all of the cell
interfaces within a computational domain consisting of N vorticity-
containing cells is shown in Fig. 8. Figure 8 clearly demonstrates
that the FMM quickly converges on its O(N) theoretical cost as the
number of cells contained in the computational domain is increased.

Code Validation

Wake Geometry in Hover

The results of a validation of the VIM against the well-known
experimental data for a hovering, two-bladed model rotor produced
by Caradonna and Tung'! are presented in Figs. 9 and 10. Numerical
results were generated using 32 blade collocation points in a cosine
distribution along each blade and by resolving the rotor radius across
40 computational cells at the finest grid level.

Figure 9 shows a comparison of the calculated loading distribu-
tion along the rotor blade with the experimental data. Although the
experimental data are relatively sparse, and the associated error does
not appear to have been quantified in the original reference, the load-
ing predicted by the VIM is in close agreement with experiment,
both in terms of its magnitude and in terms of the general shape of
the spanwise loading distribution.

The calculated wake structure, in terms of the location of the
tip vortices in the flow downstream of the rotor, is compared with
Caradonna and Tung’s experimental data in Fig. 10. The bars at-
tached to the numerical data represent the estimated error associ-
ated with extracting the exact vortex core locations from the discrete,
cellwise-constant representation of the vorticity that is used in the
VTM. The calculated vortex positions compare well with the ex-
perimental data, particularly over the first 270 deg of vortex age.
Beyond this point, the unsteadiness in the far wake of the hovering
rotor, caused by the development of a vortex pairing instability be-
tween adjacent vortex filaments, manifests itself as an increase in
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Fig. 9 Comparison between experimental and VTM-calculated
blade loading for Caradonna and Tung’s rotor, Cr=0.0079 and
QR =150 ms~!: #, experimental data and ——, VTM calculation.
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Fig. 11 Calculated wake geometry for Caradonna and Tung’s rotor
showing development of vortex pairing instability in far wake.
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Fig. 12 New and old versions of VTM vs Harris’s experimental data:
a) lateral disk tilt and b) longitudinal disk tilt: ¢, experimental data;
— — =, 0ld VIM; [, new VTM Ax=0.04R; and A, new VIM Ax=
0.016R.

scatter of the data. Interestingly, this increase in scatter can also be
seen in the experimental data presented in the original paper.'!

To obtain a better quantitative measure of the accuracy of the
VTM’s predictions of the wake geometry, Fig. 10 also includes a
comparison against Kocurek and Tangler’s widely-used empirical
wake trajectory.'? Interestingly, although the predictions of the VTM
lie between the two published sets of results, the axial vortex loca-
tions produced by both experiment and the VTM are consistent with
an overprediction of the contraction rate of the wake by Kocurek
and Tangler’s model.

Figure 11 shows an example of the calculated wake structure
produced during the VTM’s simulation of Caradonna and Tung’s
rotor, visualized here by plotting contours of vorticity magnitude on
a vertical plane containing the axis of the rotor shaft. The develop-
ment of the vortex pairing instability in the far wake of the rotor,
mentioned earlier in connection with the scatter in the observed tip
vortex locations, can clearly be seen in Fig. 11.

Rotor Performance in Forward Flight

To illustrate the ability of the VIM to predict rotor performance
in steady forward flight, a validation against the wind-tunnel data
produced by Harris'? is presented in Fig. 12. Harris measured the
flapping behavior of an isolated, four-bladed model rotor over a
range of flight speeds. In all of the tests, the rotor was trimmed to a
preset thrust coefficient, the cyclic control angles were held fixed,
and the free response of the rotor in flap was measured. Figure 12
shows a comparison of the calculated disk tilts produced using both
the new and old versions of the VIM code with Harris’s experi-
mental data. The error bars represent Harris’s own estimate of the
accuracy of his measurements. All numerical results were produced
using 32 blade collocation points in a cosine distribution along each
blade. Two sets of results for the new VTM are presented, one ob-
tained using a fairly coarse grid that resolved the rotor radius across
25 computational cells at the finest grid level and another obtained
after refining the calculation so that the rotor radius was resolved
instead across 62 computational cells. When the new version of the
VTM was used, four levels of grid expansion were used, with tran-
sitions between grid levels positioned at 2R, 6 R, and 10R from the
rotor hub.

This case has proven to be a significant challenge to computa-
tional methods in the past, but both versions of the VTM show
good agreement with Harris’s experimental data for both the lateral

b)
Fig. 13 Predicted wake structure for Harris’s rotor at advance ra-
tio ;£ =0.12: a) calculation with rotor radius resolved across 25 cells,

Ax =0.04R, and b) refined calculation with rotor radius resolved across
62 cells, Ax =0.016R.

and the longitudinal tilt of the rotor. The new version of the VIM
produces somewhat better correlation than the old at low forward
speeds, and this is consistent with previous experience that the old
version of the VTM was more likely to be contaminated by inappro-
priately chosen boundary conditions at low to transitional advance
ratios than at high. The predicted values of the lateral disk tilt, al-
though marginally lower than the experimental values, lie within the
experimental error bounds over the full range of flight speeds. The
consistent behavior between the two versions of the code in slightly
overpredicting the longitudinal tilt at high forward speed, p > 0.20,
is indicative of a deficiency in the present blade aerodynamic model
at high advance ratio, most likely in its treatment of the poststall
lift variation in the reverse-flow region on the retreating side of the
rotor.

Figure 13 shows the effect of grid resolution on the predicted
geometry of the rotor wake. Although the results presented are for
1 =0.12, Fig. 13 is representative of the performance of the code
over the full range of flight speeds shown in Fig. 12. The wake gen-
erated on the coarse grid (Fig. 13a) shows some distinctly under-
resolved flow structures compared to the more refined calculation
(Fig. 13b). Figure 14 shows the resultant effect on the predicted
rotor loading. In Fig. 14, the loading on a single blade of Harris’s
rotor is shown as a function of blade azimuth (W =0 deg being at
the trailing edge of the rotor disk). The calculation on the coarser
grid does not resolve the sharp peaks in loading, induced by local-
ized blade—vortex interactions, that the refined calculation shows
the blade to experience as it traverses across the forward half of the
rotor. Thus, although the coarser grid is demonstrably adequate to
resolve the low-frequency, first harmonic flapping dynamics of the
rotor, it would arguably not be fine enough to predict the higher
frequency dynamics of the system (associated, for instance, with
vibration or acoustic signature) that require accurate resolution of
the fine-scale features of the rotor loading.

Nevertheless, the evident insensitivity to grid resolution of the
predicted low-frequency rotor dynamics, revealed by Fig. 12, ap-
pears to be a characteristic of the VTM that is endowed by the
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b) 0°
Fig. 14 Blade loading as function of azimuth for Harris’s rotor at ad-
vance ratio p = 0.12; same contour interval: a) calculation with the rotor
radius resolved across 25 cells, Ax =0.04R, and b) refined calculation
with the rotor radius resolved across 62 cells, Ax =0.016R.

vorticity-conserving formulation of the method. If approached with
care, this feature of the VTM can be used in certain applications to
match the resolution of the calculations to the requirements of the
simulation, often resulting in a considerable saving in computational
effort.>3

Example Application

Figure 15 shows the calculated wake geometry generated by a
two-bladed teetering rotor when at a descent rate sufficient to pre-
cipitate the onset of the vortex ring state in the flow surrounding
the rotor. The flow is visualized by plotting contours of vorticity
magnitude on a vertical plane containing the shaft axis. The rotor
can be seen at the bottom of the image, with a highly disordered and
unsteady wake streaming out above it. In this calculation, the heli-
copter rotor was resolved using 10 grid cells across the rotor radius.
This level of resolution is quite adequate to capture the gross effects
of the vortex ring state within the system. In the vortex ring state,
the relevant timescales of the flow are on the order of tens of rotor
revolutions, and during a typical simulation, a highly extended and
substantial wake evolves downstream of the rotor. The use of mul-
tiple grid levels, as shown in Fig. 15, has allowed the entire length
of the wake to be captured within the simulation. In the example
shown, the wake contained within the computational domain has a
length of over 25 rotor radii but occupies a total of only 156,000
cells. Note that 64% of the cells used by the simulation were con-
tained within the finest grid level surrounding the rotor, showing
how the method is able to concentrate computer resources into the
area of most interest near the rotor itself.

This example demonstrates how, as a result of the boundary-
free grid formulation, the entire wake history of the rotor can be
captured within the computational domain. As the wake convects
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downstream, the grid resolution used to capture the far wake is
gradually reduced, thus requiring progressively fewer cells to cap-
ture the vorticity. Nevertheless, the influence of this vorticity on the
rotor is still captured to sufficient accuracy by the FMM, allowing
the behavior of the rotor in this difficult flight regime to be cap-
tured without running the risk of contamination of the simulation
by spurious boundary effects.

Modeling Full Helicopter Configurations

In the preceding sections of this paper, attention has been focused
largely on the modeling of the aerodynamics of isolated rotors. There
are many interesting and practical applications, however, where a
more complete model of the rotorcraft is required to yield valid
insights into the behavior of the system. In the following sections,
two extensions to the VTM that are particularly well adapted to the
structure of the method are described in some detail.

Fuselage Interactions

In practice, it is rarely possible to separate the aerodynamic anal-
ysis of the helicopter rotor from the influence of the fuselage. First,
the fuselage modifies the velocity field surrounding the rotor, lead-
ing to subtle, yet important, changes in its aerodynamic loading.
Fuselage-induced flow distortion is known, for instance, to have a
marked impact on the vibration generated by the rotor.!* Second,
the time-varying nature of the aerodynamic loads induced by the
rotor and its wake on the fuselage leads to a variety of challenging
problems for the helicopter designer, such as, the proper placement
of tail surfaces, auxiliary rotors, engine intakes, and airspeed mea-
suring devices. To analyze these problems successfully, it is usually
the case that the aerodynamic interaction between the rotors and
fuselage of the helicopter must be captured in fully coupled, time-
accurate fashion.
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Fig. 16 Vortex panel representation of helicopter fuselage.

The formulation of the VIM in terms of a vorticity distribution
in space allows very easy implementation of a time-accurate model
for the fuselage aerodynamics using a relatively straightforward
extension of classical singularity-panel methods. The surface of the
fuselage is first discretized into a set of n rectangular or triangular
panels. A closed vortex loop is then placed around the circumference
of each panel. If ¢; is the normal component of the velocity induced
by the rotors, the rotor wake and the freestream, measured at the
centroid of panel i, and A;; is the normal component of velocity
induced by a vortex loop of unit strength on panel j, also measured
at the centroid of panel i, then, by imposing the zero through-flow
boundary condition at the centroid of each panel,

Aijyi+qi =0 @n

from which the strengths of the vortex loops on the fuselage panels
can be calculated at the beginning of each computational timestep.
Figure 16 shows a summary of the approach using an ellipsoid as a
simple model for the fuselage geometry. The advantage of using a
vortex distribution on the surface of the fuselage in conjunction with
the VTM is that the velocity field generated by the presence of the
fuselage can be calculated in fully unsteady fashion along with the
velocity field generated by the remainder of the vorticity in the flow.
This is done simply by interpolating the vorticity associated with
the fuselage panels into the computational cells at the beginning of
each time step.

Note, however, that the model as described accounts only for the
nonviscous flow effects generated by the presence of the fuselage
within the flow. Extension of the model to include viscous effects
and flow separation is possible and will be described in a future
publication.

Ground Effect

A fast and efficient method of evaluating the effects of the pres-
ence of the ground on helicopter performance is another very useful
adjunct to any rotorcraft analysis code, given modern operational
requirements to fly at very low altitude and the important effect that
the presence of the ground has on defining the limits of rotorcraft
performance."

The FMM admits a particularly efficient procedure for modeling
the flowfield surrounding a helicopter flying in ground effect. The
approach is based on the method of images, in which a plane surface
is introduced into the flow so that all of the vorticity in the flow
is contained to one side of the surface (conveniently termed the
real side of the surface). A modified vorticity distribution is then
created in which the real vorticity distribution is augmented by an
image vorticity system on the opposing side of the surface such
that the modified vorticity system is mirror-symmetric about the
surface. The modified vorticity distribution induces a velocity field
that has zero perpendicular component on the plane of reflection.
Hence, a suitably located reflection plane can be used to represent

(in nonviscous fashion, of course) the presence of the ground near
the rotor.

The method of images is implemented in the FMM by augmenting
Eq. (15) with an extra term to give the contribution to the velocity
field from the image vorticity distribution. Thus,

P
u"(xo) =(-1)"

k=n

k!
(k_—n),[ak(xo,)’r) X My, (T)

+a(xo,y,) x my_,(7)] (28)

wherey!’ is the location of the centroid of the reflection of cluster 7 in
the ground plane. Note that the moments of the image clusters need
not be calculated from first principles but can be inferred directly
from the moments of the real clusters by using

m () = (—1)'Rmy (1) (29)

The symmetry operator R can be constructed by noting that, on
reflection in the ground plane, the component of vorticity paral-
lel to the ground plane changes sign, whereas the component nor-
mal to the ground plane remains unchanged. Hence, for example,
R =diag(—1, —1, 1) for a coordinate frame in which the ground
plane is normal to the x5 axis. The only significant overhead in this
approach, compared to a calculation out of ground effect, results
from the need to calculate from first principles the tensors ay (xo, y,)
associated with the image clusters.

Example Application

Figure 17 shows an example calculation that integrates all of the
features described earlier. A surface on which the vorticity in the
flow has constant magnitude has been plotted for a helicopter con-
sisting of a deep, narrow fuselage typical of an attack helicopter
configuration, a conventional four-bladed main rotor, and a trac-
tor type tail rotor. The helicopter is maintaining station close to the
ground in a tail wind that is blowing across the vehicle from the star-
board aft-quarter. This flight case is quite often encountered during
the tactical deployment of this type of helicopter. Clearly visible in
Fig. 17 is the strong interaction between the wakes of the two rotors,
with the wake of the tail rotor being entrained through the main rotor.
The blade—vortex interactions generated by this interaction appear
in the loading on the main rotor as a series of concentrated loading
spikes near the port aft-quarter of the rotor disk and, although not
confirmed as yet, could quite feasibly contribute unfavorably to the
acoustic signature of the aircraft under this flight condition. Just up-
wind of the fuselage, a characteristic horseshoe-shaped bow vortex
is formed just above the ground at the junction between the outflow
from the main rotor and the oncoming wind. Especially near the
nose of the helicopter, this vortex interacts in a complex and highly
unsteady fashion with the fuselage to form a region of recirculating
flow that constantly shifts in position. A prime practical concern in
this case was that the unsteadiness in the flow might induce strong
enough variation in the loading on the fuselage for the dynamic
characteristics of the vehicle to be degraded, thus, compromising
the pilot’s ability to perform the mission. The aerodynamic effects
driving these practical issues are readily captured by the VTM.

Fig. 17 Visualization of wake generated by helicopter while maintain-
ing station close to ground in wind blowing from starboard aft-quarter.
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Conclusions

Standard CFD-based methods, particularly when written in primi-
tive, velocity—pressure form, generally suffer from significant draw-
backs when used to analyze rotor flows. This is because they tend
to diffuse vorticity and to require extensive computer resources.
The original VTM circumvents the vorticity diffusion problem by
solving the incompressible Navier—Stokes equations in vorticity-
conservation form on a structured, uniform Cartesian computational
mesh. A new grid system and fast multipole velocity calculation have
now been incorporated into the model. As a result of the adaptive,
variable-resolution features of the new grid system, reductions in
cell count of typically an order of magnitude, compared to the use
of the structured mesh, have been achieved. Use of the Cartesian
FMM allows the velocity field throughout a computational domain
consisting of N cells to be calculated with O(N) computational cost
compared to the O(N log N) cost of the original method used in the
VTM. These new components of the VIM result in an extremely
efficient use of computer resources and allow computational effort
to be focused onto the regions of the rotor flow that need to be most
highly resolved.
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